Abstract. Let M be a compact ball in a Riemannian manifold with sectional curvatures < K. Suppose its radius Rq is less than the injectivity radius at the center of M and Rq < ir/2vK if K > 0. Denote by M0a circle of radius R0 in the plane of constant curvature K and by k the curvature of 3A/0. Then any curve in M with curvature < x < " is not longer than a circular arc of curvature x m M0 whose ends are opposite points of 3M0. Any curve in M with total curvature not exceeding some t > 0 (t = w/2 if K < k2) is not longer Üian the longest curve in A/0 with the same total curvature whose tangent vector rotates in a permanent direction.
0. Introduction. 0.1. We establish here (Theorems 1.2, 1.3, 1.6) upper bounds of the length of a curve in a (convex) ball in a Riemannian space with sectional curvatures (in the ball) < K. The upper bounds are expressed in terms of K, the radius of the ball and curvature of the curve.
Some applications of these estimates are brought out in §2. Say any infinitely long curve in a simply connected complete space of curvature < K < 0 goes to oo if its total curvature does not grow "too fast" (or just finite), see 2.7. We establish in 2.8 how fast the curve goes to oo in terms of its curvature. 0.2. Results of a similar nature are proved in [2] and [3] . The difference is that there the ball is replaced by a more general convex region, instead of AT a lower bound ks of sectional curvatures in the region is used and the role of the radius is played by the minimal normal curvature « of the boundary of the region. Moreover, the condition ks > -k2 is supposed to hold in [2] , [3] .
We apply here a modification of the method used in [3] (rolling a curve along a fixed one, see [3, 3.11]). where r is the distance between x(0) and x(L).
1. Curves in a ball.
1.1. Basic notation and assumptions. All manifolds and curves here are supposed to be of class C °° unless otherwise stated. A curve parametrized by arc length will be called normal. An oriented 2-dimensional sphere, plane or hyperbolic plane of curvature K will be denoted by P2.
For a normal curve c: [0, L] -» P2, along with the ordinary curvature \c\, we consider oriented curvature, i.e., \c\ with ascribed sign + (-) if c rotates in the positive (negative) direction. Total curvature of a curve and its total oriented curvature (if it lies in P2) are integrals of the appropriate curvatures along the curve. These definitions are naturally generalized for a piecewise C2-curve.
A minimal geodesic with the ends a, b (in any space considered) is denoted sometimes by ab, its length by ab and its direction (unit vector at a point in ab being under discussion) by ab. The notations <£ ( •, • ) and <$ . .. mean angle.
Throughout the paper, we denote by M a compact ball in a Riemannian manifold and set Y = dM. Let K be an upper bound of sectional curvatures in M and let R0 be its radius. We suppose R0 to be less than injectivity radius at the center of M and
We assign to M a circle M0 c P2 of radius R0 and denote by k = *(/?", K) the curvature of its circumference ro. By (1.1), the circle M0 is convex and k > 0. It follows easily from the Rauch Comparison Theorem that M is convex as well.
The distance in M is denoted by p( •, • ) and in P2 by p0( •, • ). (with ks replaced by K) establishes that there is a longest curve y9 in the class Je. It gives also the exact description of yt. The description shows that the length l0 of y9 increases by 9. In the case K < k2, ye is a polygonal Une ACB with the ends A, B in diametrically opposite points of T0, AC=CB and with the total curvature m -<$ACB = 9. Notice that the inequality x > Kr from which (3.5) follows appeared in [2] and [3] as well but due to other reasons. In [2] , the normal curvature x (denoted there by K) of the surface Y(r) parallel to Y and distant by r from Y satisfies x > Kr for the following two reasons.
(1) By the construction, the curvature of Y0 there is a lower bound of normal curvatures of Y.
(2) The curvature (ks) of P2 there is a lower bound of sectional curvatures in M.
Then (1) and (2) Obviously, W(0) G int M0. Now let y0 roll along y, assuming that at a moment t the new position of y0(f) coincides with yx(t). Instantaneously, y0 rotates about the point y,(r) in the negative direction with the angular speed ^o(t) -£,(f) > 0, see (3.5). Let W(t) be the position of y0(L0) at a moment t and W(t) be its speed. Then W(t)±. W(t)yx(t) and therefore W(t) has a nonnegative projection on the vector 0W(t), see the figure. It means that W(t) does not get closer to the pole 0, so that W(t) G int M0.
If now L0< L then, at the moment / = Lxy> one has W(Lq) = yx(L0) G int M0 which contradicts what is said above.
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